New series of balanced ternary designs and partially balanced ternary designs are obtained. Some of the designs in the series are non-isomorphic solutions for design parameters which were previously known or whose solution was obtained by trial and error, rather than by a systematic method. Abstract: New series of balanced ternary designs and partially balanced ternary designs are obtained. Some of the designs in the series are non-isomorphic solutions for design parameters which were previously known or whose solution was obtained by trial and error, rather than by a systematic method.
Introduction
For the definitions of terms like blocks, incidence matrix of a block design, group divisible design (GO~), balanced incomplete block design (BIBO) and partially balanced incomplete block design (PBIBO) the reader is referred to Street and Street (1987) . A balanced n-ary design is a collection of B multisets, each of size K, chosen from a set of size V in such a way that each of the V elements occurs R times altogether and 0, 1,2, ... , or n -1 times in each block, and each pair of distinct elements occurs A times. So the inner product of any two distinct rows of the Vx B incidence matrix of the balanced n-ary design is A. These designs were introduced by Tocher (1952) , but in his definition the equireplicate property was not required.
A balanced n-ary design where n = 2 is the well known balanced incomplete block design. A balanced n-ary design where n = 3 is called a balanced ternary design. A balanced ternary design which has V elements, B blocks of size K, each of the elements occurring once in precisely Q] blocks and twice in precisely Q2 blocks, and with incidence matrix having inner product of any two rows A, is denoted by BTD (V,B;Q],Q2,R;K,A) . Notice that R=Q]+2Q2' A partially balanced ternary design (PBTD) can be defined similarly. A number of authors have studied these designs; for example, see Billington (1984) , Donovan (1986) , Patwardhan and Sharma (1988) , Sarvate (1990 ), Soundara Pandian (1980 , and the references therein. A list of partially balanced ternary designs with small parameters is given in Mirchandani and Sarvate (1992) and a classification of ternary group divisible designs and some constructions are given in Denig and Sarvate (1992) . Some balanced ternary designs are related to generalized weighing matrices (for definitions see Geramita and Seberry (1979». Most of the time in this paper when we talk about a BTD say, M, we are referring to the incidence matrix of the BTD.
The following definition is from Seberry (1982 
Here and elsewhere in the present paper J will stand for an appropriate size matrix with all entries one. For example here the matrix J is a square matrix of order V. A generalized Hadamard matrix GH(tg; G) can be regarded as a
GBRD(tg, tg, tg; G).
There are several papers in the literature where GBRD's are used to construct block designs. An early application can be found in Seberry (1984) , and one of the recent papers where such application is used to construct group divisible designs is Palmer and Seberry (1988) . In the present note we apply these designs in the construction of new series of n-ary designs. As mentioned in the abstract we observed that in some cases these constructions give non-isomorphic solutions for design parameters which were previously known or whose solution was obtained by trial and error, rather than by a systematic method. This suggests that the methods will produce previously unknown designs. Proof. Saha and Dey (1973) showed that BTD(q, q, 1, (q -1)/2, q; q, q -1) exist, where q is an odd prime power, and it is well known that GH(q, G) exist. 0 Example 1. Consider BTD(3, 3; 1,1,3; 3,2) = M and GH(3, Z3) = N, that is,
Constructions based on generalized Hadamard matrices Theorem 1. If a BTD(V,B; QI>Q2,R,K;A)=M and a GH(n,G)=N
Then the above construction gives a BTD(9, 12; 4, 4,12; 9,11): Now a BTD (9, 12; 4, 4, 12; 9, 11) was previously known and it is listed (number 163) in Billington and Robinson (1983) . However, it is interesting to note that the above design does not contain any complete blocks and therefore it is non-isomorphic to the one given in Billington and Robinson (1983) which contains complete blocks.
Remarks. (1) As generalized Hadamard matrices GH(n, G) exist for infinitely many values of n other than the one given above, for each BTD which exists, we can construct infinitely many PBTDs.
(2) In the Appendix, we give a list of BTDs obtained via Theorem 2 and the list of BTDs with prime power V, given in Billington and Robinson (1983) . It may be interesting to know that there are 34 BTDs in our list with R ~ 50.
(3) The above Theorems can be generalized to n-ary designs.
Constructions based on Bhaskar Rao Designs
Generalized Bhaskar Rao Designs over the group {I, -I} are called Bhaskar Rao Designs (BRD).
Theorem 4. Suppose there exist a BRD(u, b, r, k, 2A; Z2) and square matrices Band C of order u, with entries from {O, 1,2, ... , n -I}, which satisfy the folio wing properties:
(J-I), (ii) BC T =CB T =el+ f(J-I), where c, d, e and f are integers. Then there exists a matrix with entries from {O, 1,2, ... , n -I} such that the inner product of any two distinct rows is in the set {AJ =rd,A 2 =A(c+e), A3 =A(d+ f)} and the inner product of a row with itself is rc.
Proof. Construct a matrix P by replacing l' s in the BRD by Band -l' s in the BRD by C. Then a block diagonal entry of ppT is rBBT (using (i) BBT = CC T ) which is equal to rcI + rd(J -I). Now as the inner product of any two rows of a BRD is zero, it is clear that the product of the entries in the pairs (1, 1) and ( -1, -1) and in the pairs (1, -1) and (-1, 1) occur equal number of times in the inner product. BRD(v, b, r, k, 2A; Z2) exists such that rA = 2AR; then a BTD (v V, bY; rei' re2, rR; kR, rA) exists.
Therefore the off diagonal block entry of ppT is equal to A(BBT + BC T ), which is equal to A«c+e)I+(d+f)(J-I) (using (ii) BC T =CB T ).
Example 3. BRD(4,3,2;Z2) and BTD(3, 3; 1, 1, 3; 3, 2) give a BTD(l2, 12, 3, 3, 9; 9, 6) . Now this design also exists [Billington and Robinson, 1983, no. 57] , but the solution is given by listing all the blocks.
We observe that if there exist a BTD(V,V;el>ez,R=V,V,A) and a BRD (v,b,r, k,2A;Z2) for which rA=2AR, then the BTD (vV, bV; rel, re2, rR; kR, 2AR) constructed by using Theorem 7 and the BRD(v, b, r, k, 2A; Z2) can also be used to give a BTD. In other words: Theorem 9. If there exists a BTD(V, V; el' e2, V; V, A) and a BRD(v, b, r, k, 2..1; Z2) for which rA=2A.R, then the BTD (viv, biV; riel>rie2, rIR; eR, (2A.) BRD(v, b, r, 3, 2A. ; Z2) (see Seberry, 1982) and therefore a PBTD(3v, 3b; r, r, 3r; 9, A 1 = 2r,A 2 = 6..1) exists. Furthermore if 2r = 6..1 then we get a BTD.
Example 4. BRD(4, 4..1, 3..1, 3, 2..1; Z2) gives a BTD (12, 12A.; 3.1, 3.1,9.1; 9,6.. 
1).
Remark. Several families of PBTD (3v,3b;r,r,3r; 12,.,11 =2r,A 2 =6A.) can be constructed by using the existence results of BRD (v, b, r, 4, 2tA.; Z2) , which are given by de Launey and Seberry (1984) .
A result similar to Theorem 4 can be given as follows:
Theorem 12. Let a BRD(v, b, r, k, 2..1; Z2) with the following properties exist:
(a) In the inner product of any two distinct rows the number of occurrences of the pairs (1,1), (-1, -1), (1, -1) and (-1,1) are constants, say CI' C2, C3 and C4 respectively, (with CI + C2 = C3 + C4 = A.). Assume further that there exist square matrices Band C of the same order with entries from {O, 1,2, ... , n -1 }, and which satisfy:
where s, q, u, w, x, y, Z, and a Example S. BTD(6,6;2,1,4;4,2) exists [Billington and Robison, 1983 no. 3] and SBIBD(4, 3, 2) (I = 1) exists (first row: 1 1 1 0). Here C2 = 0, 4t 2 R + 4C2(V -R) = 16 and 4t 2 A + 4(2t 2 -t)(V -R) = 8 + 8 = 16 and therefore a BTD (24, 24; 8,6,20; 20, 16) exists.
Remark. The SBIBD(4t 2 , 2t2 + t, t 2 + t) used in Theorem 13 have been extensively studied in Koukouvinos, Kounias and Seberry (1989) and Seberry (1992) .
Appendix
A list of BTDs obtained via Theorem 2 is given. The last column gives the number of the BTD used with prime power V in Billington and Robinson (1983) .
